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The concept of effective dynamics has proven successful in LQC, a loop-inspired quantization of
cosmological spacetimes. We apply the same idea of its derivation in LQC to the full theory, by
computing the expectation value of the scalar constraint with respect to some coherent states peaked
on the phase-space variables of flat Robertson-Walker spacetime. We comment on the relation with
effective LQC and find a deviation stemming from the Lorentzian part of the Hamiltonian.
I. INTRODUCTION
With new data being collected each year, the era of
observational cosmology is at its peak. Oberservations
of the CMB make it possible for the first time to study
the very early Universe and Planck-scale physics. By
this we can test certain models of quantum cosmology
[1], however there remain yet unanswered questions at
the deep core of quantum gravity. Thus one must finally
find ways to connect cosmology with these models, which
make predictions about the fine structure of quantum
space-time.
A promising candidate, Loop Quantum Gravity
(LQG), has over the last decades evolved into a rich and
mathematically well-defined theory of quantum gravity.
While its backbone has been set up through a lot of
work in the framework of the full theory [2–4], the same
procedure of loop-quantisation applied to the symmetry-
reduced sector has pushed the field into the direction of
observable predictions and managed to resolve some of
the open questions from the classical theory. For exam-
ple, in Loop Quantum Cosmology (LQC) the Big Bang
singularity is resolved by the “big bounce scenario” [5–7].
In this approach one deals with states representing 3-
dimensional geometries: the data on a spatial Cauchy
slice of the spacetime. While different choices of such
slices do not affect physical quantities per se, depend-
ing on the system there exist convenient choices. This
amounts to performing a gauge-fixing of the constraints
via some degrees of freedom (usually provided by mat-
ter), which therefore play the role of physical clocks and
rods (however depending on the matter choice the ob-
servables may differ) [8, 9].
At this point, the theory is reduced to a (infinite-
dimensional) version of quantum mechanics: a quantum
3-geometry is a physical state, |ψ〉, and its evolution (wrt
the physical time φ) is given by a physical Hamiltonian
Hˆ (derived from the scalar constraint) by
|ψ(φ)〉 = e−iφHˆ |ψ(0)〉 (1)
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One can then ask how quantities of interest (e.g., geomet-
rical operators such as volume Vˆ of the universe) change
in time:
Vψ(φ) := 〈ψ(φ)|Vˆ |ψ(φ)〉 (2)
Computations such as (2) are numerically possible in
the context of LQC, and in the seminal papers [10, 11]
it was shown that the quantum evolution of the expec-
tation value of observables (in particular, the volume of
the universe) on certain coherent states labelled by loop
variables (p, c) follows closely some “quantum-corrected”
trajectories in phase space.1 These trajectories corre-
spond to the integral curves of an effective Hamiltonian.
Such Hamiltonian is not the classical cosmological one –
which in terms of (p, c) reads
Hcl(p, c) = − 6
κβ2
√
pc2 (4)
(with κ = 16piG/c3 the gravitational coupling constant
and β the Immirzi parameter) – but rather the phase-
space function obtained by taking the expectation value
of the quantum Hamiltonian HˆLQC on a semiclassical
coherent state, ψ(p,c):
Heff(p, c) := 〈ψ(p,c)|HˆLQC |ψ(p,c)〉 = − 6
κβ2
√
p
sin2(cµ)
µ2
(5)
where µ is a parameter of the quantum theory. The au-
thors of [11] refer to this as the “effective Hamiltonian”,
and to the evolution it produces (which is equivalent to
a corrected version of Friedmann equations) as “effec-
tive dynamics”. In particular, it is possible to show that
Heff bridges a contracting universe in the far past (which
would evolve towards a Big Crunch according to Hcl)
1 The relation between (p, c) and the Ashtekar-Barbero variables
is obtained by fixing a fiducial Minkowski metric. One then finds
that the connection and the densitized triad are given by
AIa = cδ
I
a, E
a
I = pδ
a
I (3)
where we set the coordinate volume of the universe to 1 for simi-
plicity. The variables c and p, which will depend on the (cosmo-
logical) time, thus encode all the dynamics of the model.
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2with an expanding branch in the far future (which would
come from a Big Bang according to Hcl) via an interme-
diate “bouncing” region during which the energy density
reaches the Planckian regime [11]. The cosmological sin-
gularity is then averted by this so-called “big bounce”.
II. HAMILTONIAN OPERATOR IN LQG
Inspired by this success, one may ask whether the same
qualitative behavior is also found in the full version of
the theory. In LQC the effective Hamiltonian can be
obtained by computing the expectation value of HˆLQC
with respect to some coherent states [12]. In order to see
whether this could also work for full LQG, the first step
of this programme is to compute an equivalent expecta-
tion value there. As we are considering the quantum ver-
sion of a field theory (general relativity) one starts as in
Lattice gauge theories by introducing a UV cutoff. This
restricts the infinite dimensional degrees of freedom to a
cubic graph γ. We embed γ such that its 3 directions to
define the 3 axes of coordinates of a compact manifold σ
with periodic boundary conditions, i.e., a 3-Torus. Hence
γ has a finite number of vertices, N 3, and setting its coor-
dinate volume to 1 we find that the coordinate distance
between two nearby vertices is µ := 1/N . As we have
rewritten general relativity using a 3+1 split of our man-
ifold, it turns out to be useful to pass form the spatial
metric qab to (A
I
a, E
a
I ), the so called Ashtekar-Barbero
variables [13–17]. An advantage of this canonical pair
is that, upon quantization, the Hilbert space over every
edge e ∈ γ can be expressed as He = L2(SU(2), dµH)
with dµH being the Haar-measure. Like in gauge theo-
ries, we associate with the holonomy of the connection
AIa a multiplication operator and a derivative operator
for its canonical counterpart EaI :
hˆmn(e)fe(g) = D
( 12 )
mn(g)fe(g) (6)
and
− 4
i~κβ
Eˆk(e)fe(g) = R
kfe(g) :=
d
ds
|s=0 fe(e−isσkg)
(7)
where D
( 12 )
mn is the Wigner matrix of group element g
in spin-1/2 SU(2)-irrep, Rk is the right-invariant vector
field, and σk are the Pauli matrices.
In the mentioned framework of the Ashtekar-Barbero
variables the classical scalar constraint H can be written
as
H =HE − (β2 + 1)HL (8)
where
HE = F
I
abIJK
EaJE
b
K√|det(E)| (9)
HL = IMNK
M
a K
N
b 
IJK E
a
JE
b
K√|det(E)| (10)
are called the Euclidean and Lorentzian part respectively.
Here, F denotes the Lie algebra valued curvature of
connection A. Now, Dirac quantization scheme is em-
ployed to promote the function H to an operator Hˆ on
H := ⊗eHe, whose details depend on the choice of reg-
ularization. Here, we shall focus on the proposal [18],
i.e., a non-graph-changing operator which uses the regu-
larization proposed by Thiemann in [19, 20]. There, the
fundamental observation is the classical equality
KIa =
2
κβ3
{AIa, {HE , V }} (11)
This allows to quantize (8) in terms of (6), (7) and the
Ashtekar-Lewandowski volume operator Vˆ [21, 22].
III. COHERENT STATES AND VOLUME
To follow the program of effective dynamics, we now
must choose a set of coherent states Ψ(A,E) ∈ H and eval-
uate the expectation value of Hˆ on them. A choice which
is peaked on both holonomies and fluxes is the complexi-
fier coherent states, developed by Thiemann and Winkler
[23–26] on the basis of Hall’s work [27, 28]. These are la-
belled on every edge by he ∈ SL(2,C), which can be
written in the holomorphic decomposition as:
he = nee
−iz¯eσ3/2n′e
†
(12)
with ne, n
′
e ∈ SU(2) and ze ∈ C. Then, we can write
explicitly for the coherent state Ψ(A,E) :=
⊗
e∈γ ψe,he
where
ψe,he(g) =
1
N
∞∑
j=0
dje
−j(j+1)t
j∑
m=−j
eizmD(j)mm(ne
†gn′e)
(13)
with N2 = ||ψe,he ||2 the normalization of the state and
dj = 2j + 1 the dimension of spin-j SU(2)-irrep. The
dimensionless quantity t ∈ R+ is the semiclassicality pa-
rameter.2
The choice of these coherent states is not only justi-
fied by the fact that they are peaked in the elementary
operators, but also that it simplifies the analysis of the
quantum Hamiltonian: as shown in [29], when consid-
ering expectation values on complexifier coherent states,
2 For reasons to be discussed in an extended companion paper, t
should be identified with a ratio between areas:
t =
`2p
a2
(14)
where `2p = ~κ is Planck length and a is another scale of units
of length that the theory should provide. For example, if Λ
is the cosmological constant, we can set a = Λ−
1
2 , so we find
t = `2pΛ ∼ 10−120.
3the Ashtekar-Lewandowski volume operator can be ar-
bitrarily approximated to order O(tk+1) by the Giesel-
Thiemann volume operator
Vˆ GTk,v := 〈Qˆv〉1/2
2k+1∑
n=0
ck,n
Qˆ2nv
〈Qˆv〉2n
(15)
where ck,n are known coefficients and 〈Qˆv〉 is a shorthand
for the expectation value on coherent state Ψ(A,E) of the
operator
Qˆv = i
(β~κ)3
2103
∑
e∩e′∩e′′=v
(e, e′, e′′)ijkRˆi(e)Rˆj(e′)Rˆk(e′′)
(16)
with (e, e′, e′′) := sgn(det(e˙, e˙′, e˙′′)). Thanks to this re-
sult, Hˆ becomes a computable operator and we retain
control on the error we make in terms of powers of the
semiclassicality parameter t.
IV. THE HAMILTONIAN
We can now compute the expectation value of the
Hamiltonian of the full theory (on a cubic graph),
Heff(A,E). Given the generic form of the complexifier
coherent states, however, this is a very hard task. For
this reason (and to allow comparison with LQC effec-
tive dynamics), we limit ourselves to the homogeneous
isotropic case. This is achieved by choosing very specific
labels he for our coherent states (13): using the notation
in (12), we choose ze = z := ξ + iη a complex number
for all e and ne = n
′
e = n(i) with n(i) being the SU(2)
element that rotates the z-axis into the tangent e˙ to edge
e. As one can check [30], these states are indeed peaked
on the elementary operators:
〈hˆmn(e)〉 = D(
1
2 )
mn(nee
−iξσ3/2n†e)[1 +O(t)] (17)
〈Eˆk(e)〉 = a2βηD(1)−k0(ne)[1 +O(t)] (18)
and their spread goes like t (no summation over repeated
indices)
〈hˆmnhˆmn〉 − 〈hˆmn〉2 = O(t) (19)
〈EˆkEˆk〉 − 〈Eˆk〉2 = O(t) (20)
This sharp peakedness also allows us to deal with the
Gauss-constraint of general relativity: since we are inter-
ested in observables which are themselves gauge-invariant
(i.e., U(g†)HˆU(g) = Hˆ for any gauge transformation
U(g)), and since the coherent states are gauge-covariant
(i.e., U(g)ψe,he = ψe,heg†), then one can see that group
averaging produces
ˆ
dg
ˆ
dg′〈ψhe |U(g)†HˆU(g′)|ψhe〉 ≈ 〈ψhe |Hˆ|ψhe〉 (21)
with an error of order O(t). (Further details can be
found in [31, 32]). This guarantees that our results have
physical significance without having to solve the Gauss-
constraint.
Looking at (17) and (18), we see that they coincide
with the holonomy and flux computed in a classical flat
Robertson-Walker spacetime described by (p, c) if we per-
form the identification (µ ∈ R)
ξ = µc, η =
µ2p
a2β
(22)
Under this identification, one also finds the following re-
sult for the expectation value of volume:
〈Vˆ 〉 = N 3µ3p3/2[1 +O(t)] (23)
which confirms that we should set Nµ = 1 (so that the
physical volume of the universe is given by p3/2, the clas-
sical result). Under this identification, the expectation
value of Hamiltonian is found to be (details of this com-
putation will be in the companion paper to appear soon)
Heff(p, c) := 〈Hˆ〉 = 〈HˆE〉 − (β2 + 1)〈HˆL〉 =
= − 6
κβ2
√
p
sin(cµ)2
µ2
[1− (1 + β2) sin(cµ)2 +O(t)] (24)
where we used
〈HˆE〉 = 6
κ
√
p
sin(cµ)2
µ2
+O(t)
〈HˆL〉 = 6
κβ2
√
p
sin(2cµ)2
4µ2
+O(t)
(25)
We notice several things: (1) at leading order in µ and t,
Heff is consistent with the result obtained in LQC, equa-
tion (5); (2) in the classical limit (t→ 0) and continuum
limit (µ → 0), HL and HE coincide (up to a numerical
factor), and one recovers classical cosmology, equation
(4); (3) if µ 6= 0, however, the functional form of HL is
different from that of HE in regard of the c-dependence,
due to the different factor in the argument of sine. This
is a modification to the established effective LQC Hamil-
tonian. A corresponding modification to the quantum
LQC Hamiltonian HˆLQC leads to a difference equation
of higher order, whose quantum dynamics has been nu-
merically investigated in [33]. It should be noted that the
Hamiltonian in (24) corresponds to a modification of the
effective LQC Hamiltonian in the so-called µ0-scheme.
3
V. A TOY MODEL
What we derived in (24) and (25) is the expecta-
tion value of the gravitational part of the LQG scalar
3 It might be possible to obtain the µ¯-scheme following the same
procedure developed in [34].
4constraint on a family of complexifier coherent states
adapted to homogeneous isotropic cosmology. At this
point it is not yet clear whether it serves as an effective
Hamiltonian for the dynamics of full LQG, however it
represents a promising candidate. We will now use it as
an effective Hamiltonian on the phase space parametrized
by (p, c) and study the dynamics it produces. To facil-
itate the comparison with LQC effective dynamics, we
choose as matter content a massless scalar field φ, so
that the effective scalar constraint reads
H = Heff +Hφ, Hφ =
pi2φ
2p3/2
(26)
with piφ the momentum of φ. The evolution of any phase
space function f wrt cosmological time t is now obtained
by Hamilton’s equation f˙ = {f,H}, and in particular we
see that piφ is a constant of motion. We can now compute
the system of p˙ and c˙, which can be numerically solved,
leading to the phase space trajectories labelled by the
constant of motion piφ. The evolution of volume v = p
3/2
wrt cosmological time t and physical time φ is plotted in
figure 1 for a simple example.
As the plots show, the behavior of the universe at late
time is the same as in LQC (and classical cosmology), but
is quite different in the early universe: while a bounce still
occurs, in our model it is highly non-symmetric and in the
far past the universe does not obey classical Friedmann
equations for a contracting spacetime. This is a major
departure from the standard big bounce picture of LQC,
and it is entirely due to the introduction of the Lorentzian
term coming from the full theory.4
We should also mention that, while the Hamiltonian
formulation of this problem is clear, it is not straightfor-
ward to recast it in terms of Friedmann and Raychaud-
huri equations. This is due to the fact that the constraint
equation H = 0 admits two solutions for sin(cµ)2 as a
function of p. For a detailed discussion, see [37].
VI. CONCLUSIONS
The idea to obtain an effective scalar constraint (and
hence effective dynamics) from the quantum theory has a
long road of success. In the seminal paper [11], the effec-
tive Hamiltonian was shown to reproduce the quantum
evolution of coherent states, in particular removing the
4 A similar Hamiltonian has also been found within the symmetry-
reduced case in [35], though the authors of that work did not em-
phasize the departure from the bouncing scenario of LQC that
the new term entails. On the other hand, a similar modification
of the bounce is found in the context of minisuperspace models
with self-dual variables [36]. The similarity, however, is only su-
perficial, since the effective Hamiltonian there is different from
(24), and it is obtained by considering immaginary Immirzi pa-
rameter (for which LQG is not well-defined).
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FIG. 1: Plots of v(t) and v(φ) in our toy model (red), LQC (blue)
and classical cosmology (green, extended beyond the singularity to
negative values for clarity), for piφ = 1 and β = 0.12.
cosmologic singularity. First steps of repeating the ef-
fective dynamics program in a more complicated setting
were taken in [38], in the context of a gauge-fixed ver-
sion of the full theory (called Quantum Reduced Loop
Gravity, QRLG). In those works, the authors compute
the expectation value of the QRLG Hamiltonian on some
semiclassical states, and find that it coincides with the
effective Hamiltonian (5) of LQC.
In this paper, we have pushed the program further, by
calculating the expectation value of the LQG Hamilto-
nian, without assuming any simplifications, and consid-
ering both Euclidean and Lorentzian contributions. We
found that the Euclidean part is in agreement with LQC
at leading order (the corrections are proportional to the
semiclassicality parameter t of the complexifier coher-
5ent states we used). The Lorentzian part, on the other
hand, introduces a different dependence on the variable
c. While this dependence was already discussed within
LQC [35], it was not emphasized that it leads to a depar-
ture from the standard bounce picture. We have shown
that this is the case in a simple toy model.
The main message we want to communicate is twofold.
On one hand, we have seen how from the full theory
one can derive a candidate for an effective Hamilto-
nian of a reduced symmetry model (encoded in the spe-
cial choice of coherent state labels), and that this is in
agreement with LQC (and classical cosmology) at late
times, whereas important modifications appear in the
early universe. For applications in LQC the name “effec-
tive Hamiltonian” is indeed justified, as its trajectories
agree with those obtained via quantum evolution of the
minisuperspace model [33].
On the other hand, we have shown that the choice
of coherent states and the regularization procedure by
which one obtains the Hamiltonian operator have cru-
cial impact even on the semiclassical dynamics. Unless
these details are fixed, no reliable quantitative and finer
qualitative predictions can be made. The regularisation
considered here and the other proposals will in general
give different results. They are only comparable a poste-
riori, i.e., after physical quantities have been computed
by methods such as the one presented in this paper. In
lack of experimental evidence, this presents the necessity
to find other methods by which the family of possible
regularisations can be restricted. It is thus inescapable
to integrate methods (such as the renormalization group
[39] or consistency with Dirac algebra [40]) into the quan-
tization process in order to fix any discretization errors.
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